A fast method of an arbitrary high order for approximating volume potentials is proposed, which is effective also in high dimensional cases. Basis functions introduced in the theory of approximate approximations are used. Results of numerical experiments, which show approximation order O(h 8 ) for the Newton potential in high dimensions, for example, for n = 200 000, are provided. The computation time scales linearly in the space dimension. New one-dimensional integral representations with separable integrands of the potentials of advection-diffusion and heat equations are obtained.
Introduction
The cubature of high-dimensional volume potentials plays an important role in a wide range of applications in physics, chemistry, biology, financial mathematics etc. Even a few years ago this problem encountered unsurmountable difficulties due to the so-called "curse of dimensionality". With the development of separated representations (also called tensorstructured approximations) by Beylkin and Mohlenkamp in [3, 4] the problem became tractable. In fact, in recent years several fast algorithms for the computation of multidimensional convolutions with singular kernels have been proposed, cf. [2, 6, 7, 8, 9, 5] . They are mainly based on piecewise polynomial approximations of a separated representation of the density. Then a suitable separated approximation of the action of the convolution operator on the basis functions allows one to determine the multi-dimensional convolution in question by computing a number of one-dimensional convolutions. On this way, the complexity of computing the multi-dimensional convolutions on a uniform tensorproduct grid of size h can be reduced from O(h −n | log h|), achieved with the traditional multi-variate FFT, to O(nh −1 | log h|), where n is the space dimension. A certain drawback of the schemes used in present is the necessity to find accurate separated representations of the convolution operator acting on piecewise polynomials. This procedure has been developed only for a few particular kernels ( [2, 7] ) and is rather involved, especially for higher order approximations.
In this article we propose a fast method of an arbitrary high order for approximating volume potentials, which is effective also in high dimensional cases. We use basis functions introduced in the theory of approximate approximations [11, 12] , see also [13] and the references therein. We report on numerical experiments which show approximation order O(h 8 ) for the Newton potential up to dimension n = 200 000. The computational complexity of the algorithm scales linearly in the physical dimension. In the experiments, high order cubatures lead to a minor increase of the computation time in comparison with second order approximations, but are some orders of magnitude more accurate, especially in high dimension.
The method combines our basis functions with an approach from Khoromskij [9] for computing volume potentials on uniform or composite refined grids. For brevity of exposition we restrict ourselves to the case of uniform grids with step size h. In [9] , the density is approximated by piecewise constants and the action of the convolution operator on the basis function is written as a one-dimensional integral with a separable integrand, i.e., a product of functions depending only on one of the space variables. Then an accurate quadrature rule of this one-dimensional integral provides a separated representation of the convolution operator. The convergence orders O(h 2 ) and O(h 3 ) using Richardson extrapolation are confirmed by numerical experiments for n = 3.
Instead of piecewise constants we use basis functions, which are Gaussians or products of Gaussians and special polynomials and give rise to high-order semi-analytic cubature formulas for volume potentials. In Section 2 we describe these formulas and give error estimates. According to [14] (see also [13, Section 6.3] ), the action of volume potentials on the basis functions allows for one-dimensional integral representations with separable integrands. In Section 3 we demonstrate this by the example of Newton's potential. We also obtain new one-dimensional representations for the potentials of the advectiondiffusion and the heat equations. These one-dimensional integrals in combination with a quadrature rule lead to accurate separated representations of the potentials. In Section 4, we provide results of numerical experiments for the Newton potential showing that even for very high space dimensions these approximations preserve the predicted convergence order of the cubature. In the final section 5 we describe the quadrature of the one-dimensional integral representations used in the numerical examples. Here we also report on tests for second and fourth order formulas of the Newton potential and the inverse of −∆+a 2 , which provide estimates of the rank of the separated representation required to approximate the action of the potential on a basis function with a prescribed relative error.
Semi-analytic cubature formulas for potentials
Here we collect some results on high-order cubature formulas for the volume potentials of the differential operators −∆ and −∆ + 2b · ∇ + c and of the heat potential in R n . More details can be found in [13] .
Newton potentials in R n
The Newton potential is the inverse of the Laplace operator and given in R n by the formula
Here and in the following we denote by bold x a vector of length n with the components x = (x 1 , . . . , x n ). The integral (2.1) is a unique solution of Poisson's equation
In [11, 12] cubature formulas for computing (2.1) were constructed which are based on the approximation of the density u by functions with analytically known Newton potentials. In particular, one can approximate u by the quasi-interpolant
with the basis function
where
The Newton potential of η 2M is given by
with the incomplete Gamma function
Then the sum
is a semi-analytic cubature formula for L n u. It has been shown, that for sufficiently smooth and compactly supported functions (2.5) approximates L n u with the error
This follows from the general asymptotic error estimate O(h 2M )+ε for the quasi-interpolant (2.2) with sufficiently smooth and decaying generating functions η satisfying the moment condition
see [13, Chapter 2] . The saturation error ε does not converge to zero as h → 0, however, because of
it can be made arbitrarily small if the parameter D is sufficiently large. Additionally, the Newton potential maps the fast oscillating saturation term (2.8) into a function with norm of order O(h 2 ε), which establishes the estimate (2.6). Therefore, in numerical computations with D ≥ 3 formula (2.5) behaves like a high order cubature formula.
Potentials of advection-diffusion operators in R n
The fundamental solution of the operator −∆ + 2b · ∇ + c with a vector b ∈ C n and c ∈ C depends on the value of c + |b| 2 . Here we use the notation
y j z j and |y| 2 = y, y also for vectors y, z ∈ C n . If c + |b| 2 = 0, then the fundamental solution can be given as
where λ ∈ C \ (−∞, 0] with λ 2 = c + |b| 2 and K ν is the modified Bessel function of the second kind, also known as Macdonald function, [1, 9.6] . If c + |b| 2 = 0, then for n ≥ 3
To derive a cubature formula for the volume potential with the kernel κ λ we look for a solution of 9) which is given as the one-dimensional integral Using known analytic expressions of I n+1/2 and K n+1/2 (cf. [1] ) it is possible to derive analytic formulas of (2.10) for odd space dimensions n. In particular, if n = 3, then
where w denotes the scaled complementary error function
and erfc = 1 − erf is the complementary error function. From
(see [13, Theorem 3.5] ), one can derive as in the case of Newton potentials semi-analytic cubature formulas for the potential of the advection-diffusion equation with the approximation rate (2.6).
Heat potential
Next we consider the non-homogeneous heat equation
It is well known that the solution of this Cauchy problem can be written as
where P t is the Poisson integral
Suppose that the right-hand side u is a sufficiently smooth function with compact support in R n × R + . An approximation of the solution f (x, t) of (2.12) can be obtained if u is approximated by the quasi-interpolant on the rectangular grid {(hm,
It can be easily seen, that
hence the sum
is an approximation of f (x, t), where we use the notation
the function f h,τ (x, t) approximates the solution f (x, t) with the error
for all x ∈ R n and t ∈ [0, T ].
3 One-dimensional integral representations of the potentials acting on Gaussians
The computation of the mentioned cubature formulas on the grid {hk} leads to discrete convolutions
where the indices m, k belong to some subset of Z n , and the coefficients a k are given either analytically or by a one-dimensional integral with smooth integrand. For general functions u the most efficient summation methods for (3.1) are probably fast convolutions based on multi-variate FFT. However, even for the space dimension n = 3 problems of moderate size often exceed the capacity of available computer systems.
The situation in high dimensions is much better when the vectors {u(hm)} and {a k } allow separated representations [3] , i.e. for given accuracy ǫ they can be represented as a sum of products of vectors in dimension 1
Then an approximate value of (3.1) can be computed by the sum of products of onedimensional convolutions
To obtain a separated representation of the vector {a k } the following idea from Khoromskij [9] can be applied: Suppose that the density u is approximated by interpolation or quasiinterpolation using linear combinations of the translates φ(· − hm) of a basis function. Then the components of {a k } are the values of the volume potential with the kernel g acting on φ,
If this integral can be transformed to a one-dimensional integral with separable integrand
then a separated approximation of {a k } is obtained by applying an accurate quadrature rule for this integral
In [9] one-dimensional integral representations were obtained for the potentials of the Laplace and of the advection-diffusion equation with b = 0, c > 0, applied to the characteristic functions φ of a cube in R 3 . This gives rise to a fast algorithm which is based on piecewise constant basis functions. The convergence order O(h 2 ) is proved together with the order O(h 3 ) by using Richardson extrapolation.
In this section we describe one-dimensional integral representations with separable integrands for the Newton potential and the potentials of the advection-diffusion and the heat equations acting on basis functions introduced in the previous section.
Newton potential
The separated representation of the second order cubature formula
for the Newton potential with
follows from the formula
which was obtained in [14] and is valid for n ≥ 3. The quadrature rule of the last integral
with certain quadrature weights ω p and nodes τ p gives the separated approximation
To get an approximation for higher order cubature formulas we note that the same convergence order O(h 2M )+O(e −Dπ 2 h 2 ) as in the case of generating functions (2.3) holds, when the density is approximated by the sum
Here the basis function is the tensor product of the one-dimensional functions
which obviously satisfies the moment condition (2.7). Thus the cubature formula
approximates L n u with the error (2.6). The relation 5) leads to the one-dimensional integral representation of L n n j=1 η 2M by writing the solution of the Poisson equation
as the integral
Hence the separated representation of the Newton potential is reduced to find accurate quadrature rules for the parameter dependent integrals
It is necessary that the quadrature rule approximates the integrals (3.6) with prescribed error for the parameters x j = (k j − m j )/ √ D within the range |x j | ≤ K and some given bound K. This will be discussed in Section 5.
Potentials of advection-diffusion operators
Here we look for a one-dimensional integral representation with separable integrand of the integral (2.10). Let f be the solution of the advection-diffusion equation (2.9) 
with λ 2 = c + |b| 2 in R n . In was shown in [14] that v can be represented in the form
for Re λ 2 ≥ 0 and n ≥ 3. If Re λ 2 > 0, then (3.7) is valid for all space dimensions n, see also [13, Theorem 6.4] . Thus
Consequently, if Re(c + |b| 2 ) ≥ 0, then an approximate solution of the advection-diffusion equation
is given in R n by the sum
which approximates f with the order O(h 2 ). Analogously to the case of Newton potentials the one-dimensional integrals for cubature formulas of order (2.6) are based on the basis functions η 2M (x j ). Now the relation (3.5) leads to
with the function
Heat potential
Recall that the approximation of the non-homogeneous heat equation (2.12) on the rectangular grid {(hk, τ ℓ)} is given by the (n + 1)-dimensional convolution
where the integral K 2 given by (2.14) cannot be taken analytically. Making the substitution λ = t 1 + e −ξ K 2 (x, t, τ i) transforms to the integral over R
with exponentially decaying integrand. The quadrature rule for K 2 (hk, τ ℓ, τ i)
with certain weights ω p and nodes ξ p and the separated representation of the right-hand side of (2.12)
leads to the approximation
where we use the abbreviation
and c
Approximations which converge with higher order to the solution of (2.12) can be obtained if the right-hand side u is approximated by
with the basis functions η 2M defined by (3.3). Then by using (3.5) the heat potential of the quasi-interpolant (3.10) is given by
where we denote
We have
which by using (2.14) leads to the representation with separable integrand
Here we denote by g M the function
.
Numerical results for the Newton potential
We provide results of some experiments which show the accuracy and numerical convergence orders of the method. In the cube [−6, 6] n , n ≥ 3, we compute the Newton potential of the densities
and u 2 (x) = (4|x| 2 − 2n) e −|x| 2 , which have the exact values
In Table 1 we compare the values of the exact and the approximate solution for L n u 1 at some points (x 1 , 0, . . . , 0) ∈ R n of the grid, where we have chosen the space dimensions n = 3, 10, 100, 300.
The approximations have been computed on a uniform grid with step size h = 0.05 using the basis functions In this case one has to determine
for the integer vectors m = (m 1 , . . . , m n ) ∈ [−240, 240] n , which reduces by a quadrature
to the computation of one vector of length 481 with the components
, m = −240, . . . , 240 , (4.11)
for any quadrature node τ ℓ and M = 4. Let us mention, that for all calculations, reported here and in the following Table 2 , the same quadrature rule is used for computing the integrals I 3 (m/ √ D). Table 2 : Exact values of L n u 2 (x 1 , 0, . . . , 0) , absolute and relative errors using L (n) 4,0.025 same grid points (x 1 , 0, . . . , 0) ∈ R n for space dimensions n = 10 5 , 10 6 , 2 · 10 6 . The parameters of L (n) 4,h are D = 3.5 and h = 0.025. The computing times on a Xeon processor with 3.4 GHz are 0.42 seconds for space dimension n = 10 000, 5.12 seconds for n = 100 000, and 11.63 seconds for n = 200 000. 1.93E-01 3.68E-01 3.68E-01 3.68E-01 10 9.29E-03 2.00 6.56E-02 1.56 3.68E-01 0.00 3.68E-01 0.00 3.68E-01 0.00 20 2.31E-03 2.01 1.79E-02 1.88 3.51E-01 0.07 3.68E-01 0.00 3.68E-01 0.00 40 5.75E-04 2.00 4.56E-03 1.97 1.99E-01 0.82 3.52E-01 0.07 3.68E-01 0.00 80 1.44E-04 2.00 1.15E-03 1.99 6.50E-02 1.61 1.99E-01 0.82 3.68E-01 0.00 Table 3 : Absolute errors and approximation rates for L n u 2 (1, 0, . . . , 0) using
In Table 3 we report on the absolute errors and the approximation rates for the Newton potential L n u 2 (1, 0, . . . , 0) = −0.3678794411714423 in the space dimensions n = 3, 10, 500, 2 000, and 30 000. The approximate values are computed by the cubature formulas L The numerical results show that the high order cubature formulas give essentially better approximations of the Newton potential than second order formulas. For very high dimensional cases the second order formula fails, whereas the 8-th order formula L (n) 4,h approximates with the predicted approximation rate.
Quadrature rules for integral representations
Here we describe the quadrature rule used to get separated representations of the volume applied to the basis functions. We give some numerical results on the quadrature error for second and fourth order formulas approximating the Newton potential and the potential of −∆ + a 2 .
Quadratures
It is well known that the classical trapezoidal rule is exponentially converging for certain classes of integrands, for example periodic functions or rapidly decaying functions on the real line. For any sufficiently smooth function, say of the Schwartz class S(R), Poisson's summation formula yields that
Heref is the Fourier transformf
Thus,
which indicates that by choosing special substitutions, which transform the integrand to a rapidly decaying function with rapidly decaying Fourier transform, the trapezoidal rule of step size h can provide very accurate approximations of the integral for a relatively small number of quadrature nodes {kh}.
Additionally, if the integrand is analytic in a strip
then results from Sinc approximation can be applied to derive error estimates for the trapezoidal rule. It was shown in [6, 8] , that for doubly exponentially decaying f , i.e.,
for all x ∈ R with constants a, b, C > 0 , (5.12) the truncated rule with h = log(2πaN/b)/(aN ) satisfies
Newton potentials
We make the substitutions t = e ξ , ξ = a(τ + e τ ) and τ = b(u − e −u ) , (5.13)
with certain positive constants a, b, proposed in Waldvogel [15] . Then the integrals (3.6) are transformed to integrals over R with integrands f (u, x) decaying doubly exponentially in u. After the substitution we have
For the practical application it is important that the quadrature rule
approximates I M (x) with prescribed error uniformly for |x| ≤ K with a minimal number of summands. This number strongly depends on K and on the parameters a, b in the transformation (5.13). For the computations in Section 4, which cover a wide range of dimensions and different orders of the cubature formulas, we did not try to find optimal parameter sets. The numbers given in Tables 1 and 2 were obtained with the parameters a = b = 2 in (5.13) and h = .02, N 0 = −35, N 1 = 80 in (5.14). For the results of Table 3 we have chosen a = 6, b = 5 and h = .003, N 0 = 39, N 1 = 250. We report in the following on some test to determine optimal parameters for second and fourth order formulas in low dimensional cases (see also [10] ).
Approximation to the integral I 1 (x)
We assume in (5.13) a = b = 1. Figure 1 illustrates the graph of the integrand function f (u, x), u ∈ (−4, 4), n = 3, for different values of |x| ≤ 10 3 . A similar behavior holds for other dimensions n. Table 4 presents the maximum step h 0 and the minimum number of quadrature points required to achieve the relative error ǫ, uniformly in |x| ∈ [0, 10 3 ] for space dimensions n = 3, 4, 5, 6.
It is possible to play with different parameters a and b in order to diminish the number of summands in the quadrature formula. Consider e.g. the case a = 6 and b = 5. Figure 2 shows the graph of f (u, |x|), u ∈ (0, 0.85) for different values of |x|. The numerical results for this quadrature are given in Table 5 . . Table 5 : The approximation of I 1 (x) for |x| ≤ 10 3 , with a = 6, b = 5 in (5.13)
Approximation to the integral I 2 (x)
Next, we discuss the computation of the integral
using the variable transformation (5.13) and the trapezoidal rule (5.14), for n = 3 and n = 4. The graphs of the integrands f (u, x) are very similar to the case of I 1 (x). In the numerical results, for the sake of simplicity, we assumed x = (x, x, x), with |x| ≤ 10 3 . The maximum step h 0 and the minimum number of quadrature points required to achieve the relative error ǫ uniformly in |x| ∈ [0, 10 3 ] are presented in Table 6 for the cases a = b = 1 and a = 6, b = 5. In Table 7 we present the maximum step h 0 and the minimum number of quadrature points in formula (5.14) for the integral K 1 (x) for n = 3, in the cases a 2 = 0.01, 0.1, 1, 4. We have chosen b = 1 in the substitution (5.15). 
